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The thermodynamics of the Curzon-Ahlborn engine, which is a prototype of endoreversible en-
gines, is elucidated. In particular, their criterion for adiabatic equilibration is revised. The so-called
irreversibility of endoreversible engines arises from the selection of the coldest reservoir for heat
rejection. Rather, if the reservoirs are allowed to come into thermal and mechanical contact, a mean
value results which optimizes the work output and heat uptake, and is entirely reversible. The
Carnot efficiency cannot be beaten because nothing is as cold as the coldest reservoir.
THE CRITERION OF REVERSIBILITY IN AN
ENDOREVERSIBLE ENGINE
An endoreversible engine has been defined as an “irre-
versible engine where all irreversibilities are restricted to
the coupling of the engine to the external world”[1]. The
Curzon-Ahlborn [2] engine is supposedly [3] a prototype
of an endoreversible engine.
The Curzon-Ahlborn engine makes the distinction be-
tween the temperatures of the reservoirs and the temper-
atures of the working fluid at which heat is absorbed and
rejected. Whereas the temperature of the hot reservoir
is T1, a quantity of heat Q1 is absorbed at the fluid tem-
perature, T1w < T1. The isothermal expansion step in
Carnot’s cycle is replaced by a discrete form of Fourier’s
law
Q1 = g1 (T1 − T1w) ,
where the coefficient of proportionality, g1, is the thermal
conductance. Likewise, a quantity of heat, Q2 > 0, is
given up to the cold reservoir which is at temperature, T2.
However, the fluid is at the higher temperature T2w. The
isothermal compression step in Carnot’s cycle is replaced
by
Q2 = g2 (T2w − T2) ,
where g2 is another conductance.
The crucial step in the Curzon-Ahlborn argument is
their condition of reversibility:
Q1
T1w
=
Q2
T2w
, (1)
which is taken as the condition for entropy conservation
[3, p. 34]. However, (1) cannot be the condition for
entropy conservation because it is not the sum of ratios
of the heats to the temperatures which they are at that
is to vanish in a reversible cycle (in this formula heats
are written as algebraic quantities), i.e.,
n∑
i=1
Qi
Ti
= 0. (2)
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Certainly, (2) is not (1) (with the heat rejected positive
in (1)). Even a non-vanishing total entropy change is
calculated for the Curzon-Ahlborn engine [3, p. 36]. So
it is a fair question to ask what is (1)?
According to (1), the efficiency depends upon the ra-
tio of the intermediate temperatures and is something to
vary in order to maximize the work output. By varying
the work with respect to the efficiency, η = 1−T2w/T1w,
Curzon and Ahlborn obtain an optimal efficiency,
η = 1−
√
T2
T1
, (3)
which clearly inferior to the Carnot efficiency, ηC =
1−T2/T1. With this optimal efficiency, they obtain max-
imum work output
W = g
(√
T1 −
√
T2
)2
, (4)
where g is half of the harmonic mean of the conductances.
Since W = ηQ1, these authors find the maximum heat
intake as
Q = g
√
T1
(√
T1 −
√
T2
)
. (5)
The conceptual error is (1). What (1) should say
is this: An engine absorbs a quantity of heat, Q1,
at temperature T1, and emits the quantity of heat
(M(T )/T1)Q1 at temperature M(T ), viz.,
Q2 =
M(T )
T1
Q1. (6)
What Curzon and Ahlborn rediscovered was that the fi-
nal mean temperature at which adiabatic equilibration
occurs yields maximum work. This is implicit in the 1967
paper by Cashwell and Everett [4] in which they showed
that the final mean temperature determined from the
first law is greater than that determined by the second
law. Therefore, the second law follows from the prop-
erty that means are monotonically increasing functions
of their order.
Here we invert their argument: We use adiabatic equi-
libration of the second law and derive maximum work
from the first law. The Curzon-Ahlborn analysis has
2nothing to do with maximizing power at finite rates.
The introduction of time is misleading. There is no time
frame in which the final temperature to which the sys-
tem equilibrates adiabatically,M(T ). We shall show that
this common temperature renders the work a maximum.
The mean temperature is always greater than the final
temperature of the coldest reservoir. It is this fact that
leads to an illusory increase in entropy. (6) is a state-
ment of reversibility according to the second law (taking
into account that we take the heat rejected to the colder
reservoir as positive in contrast to (2)). The optimality of
the Carnot efficiency is simply a consequence of the fact
that the temperature of adiabatic equilibration is greater
than the temperature of the coldest reservoir: ‘nothing
can be colder than the coldest reservoir.’
THERMODYNAMICS OF MEANS
In order to proceed with the development, let us recall
some of the salient features of the thermodynamics of
means [4, 5]. According to the ‘doctrine’ [6] of latent,
Mi, and specific, Ni, heats, the quantity of heat, dQ,
needed to alter the volume, V , to V + dV , and absolute
temperature T to T + dT , of a system composed of n
components is [7]
dQ =
n∑
i=1
(Mi dV +Ni dT ) . (7)
The first law expresses the fact that the internal energy,
dE = dQ− p dV is a total differential, resulting in
∂p
∂T
=
n∑
i=1
(
∂Mi
∂T
− ∂Ni
∂V
)
, (8)
while the second laws identify V s and 1/T as integrating
factors for (7). The second laws can thus be stated as
∂p
∂T
=
∑n
i=1 Mi
T
=
s
∑n
i=1 Ni
V
. (9)
The second equality identifies s as the Gru¨neisen param-
eter, which varies from 2
3
for a nonrelativistic gas to 1
3
for an ultrarelativistic one.
The first equality in (9) had a much more prominent
role in the history of thermodynamics, being the Carnot
equation and µ = 1/T , the Carnot function. It was
Thomson who determined µ,
a quantity which has an absolute value, the
same for all substances for any given temper-
ature, but which may vary with temperature
in a manner that can only be determined by
experiment.
Thomson credits Carnot with the remarkable theorem
that the ratio of the work done to the heat absorbed
in an isothermal transition, (∂p/∂T ) dTdV/
∑n
i=1 Mi dV
is the same for all substances at the same temperature.
An analogous statement can be said about the second
inequality in (9) [5]:
The ratio of the work done to the
heat absorbed in an isochoric transition,
(∂p/∂T ) dTdV/
∑n
i=1 Ni dT is the same for
all substances at the same volume.
If the n-cells of masses mi and heat capacities ci(T ),
where Ni = mici, all initially at different temperatures
Ti, are placed in thermal contact, the entire system be-
ing adiabatically isolated, then after an indefinite long
period of time will reach a common mean temperature,
M. This final temperature is determined from adiabatic
equilibration:
∆S =
n∑
i=1
∫
M
Ti
Ni(t)
t
dt = 0. (10)
The Curzon-Ahlborn result refers to a perfect gas
where Ni are constant, independent of both temperature
and volume. Condition (10) then gives
n∑
i=1
Ni lnM−Ni lnTi = 0,
or, equivalently
M0(T ) =
(
n∏
i=1
TNii
)1/∑n
i=1
Ni
, (11)
which identifies the final equilibrium temperature as the
mean of order 0, or the geometric mean.
In the case of only two cells, or reservoirs, of identical
masses and heat capacities, the final mean temperature
will be M0(T ) =
√
T1T2, and introducing this into (6)
gives
Q2
Q1
=
√
T2
T1
,
the Curzon-Ahlborn result for the optimal efficiency.
Adiabatic equilibration (10), leading to the geometric
mean as the lowest common temperature of the compos-
ite system, will result, according to the first law, in the
work
W =
n∑
i=1
∫ Ti
M0
Ni dt. (12)
For two cells, or reservoirs, having the same mass and
heat capacity, Ni = N , (12) reduces to
W = 2N (M1 −M0) = N
(√
T1 −
√
T2
)2
,
3corresponding to the Curzon-Ahlborn result, (4). It
could have been taken as a ‘thermodynamic proof’ of
the arithmetic-geometric mean inequality as far back as
1868 [8]!
According to Curzon-Ahlborn, we would be tempted
to write the optimal relation, corresponding to (1), as
Q1√
T1
=
Q2√
T2
.
This would be in contradiction of the second law which,
out of the entire set of admissible empirical temperatures,
selects the absolute temperature. Were we to consider T1
and T2 as empirical temperatures, the resulting absolute
temperature would increase as the square of the empirical
temperature, contradicting the fact that the empirical
temperature must increase at least as fast as the absolute
temperature.
Hence, the correct criterion of reversibility is (6), in
which Q2 is the quantity of heat Q1 at temperature
T1 that is emitted at temperature M0(T ). And since
M0(T ) > T2 it follows that
Q1
T1
− Q2
T2
< 0,
giving rise to an apparent increase in entropy [3, p. 36]
∆S = (ηC − η)
Q1
T2
, (13)
where ηC and η are the Carnot and Curzon-Ahlborn,
(3), efficiencies, respectively. However, there is nothing
irreversible about the Curzon-Ahlborn engine. It is only
when we demand that the colder heat reservoir be at tem-
perature T2, and not at the mean temperature,
√
T1T2,
does it appear to be irreversible, giving rise to a positive
entropy change (13).
How close can we come to the Carnot efficiency? It is
well-known that [9]
lim
q→−∞
Mq(T ) = minT,
so that we might be tempted to modify the second law
to read
∆S =
n∑
i=1
∫
M
Ti
Ni
tα
dt
for some α > 0 in order to get a mean of negative or-
der. However, if the second law is not to be violated
α ≤ 1. From the fact that means are monotonically in-
creasing functions of their order, an adiabatic equilibra-
tion yielding a mean temperature, M1−α(T ), would be
greater than the geometric mean, M0(T ), predicted by
the second law.
ISOTHERMAL ‘ENDOREVERSIBLE’ ENGINE
The Curzon-Ahlborn engine uses isochoric processes to
replace isothermal ones. There is no reason to do so. For
all other interactions than thermal, the first and second
laws are incomparable [5]. This is due to the fact that en-
ergy and (metrical) entropy are first-order homogeneous.
What is requires is another adiabatic potential which is
not a first-order homogeneous function for this will al-
low us to compare means of different orders and thereby
establish the maximum property.
For the perfect gas, the metrical entropy, S, is related
to the empirical entropy, σ, logarithmically,
S(σ) = R lnσ1/s,
where R is the gas constant. The second law,
T dS(σ) = T S′(σ) dσ =
RT
sσ
dσ =
Rdσ
sV s
= dQ,
shows that V s is also an integrating factor for the heat
[5, 10],
R
s
dσ = V s dQ =
n∑
i=1
V s (Mi dV +Ni dT ) ,
where σ = TV s are the adiabats. If the massses of all the
cells are the sameMi = p, the adiabatic equilibration for
an isothermal expansion,
∆σ = sT
n∑
i=1
∫ M(V )
Vi
vs−1 dv
= T
(
nMs(V )−
n∑
i=1
V si
)
= 0,
identifies the mean of order s,
Ms(V ) =
(
1
n
n∑
i=1
V si
)1/s
, (14)
as the final volume of the composite system.
The maximum heat absorbed in this isothermal expan-
sion is
Q = RT
n∑
i=1
∫ Ms
Vi
dv
v
= nRT ln
(
Ms
M0
)
> 0, (15)
where
M0(V ) =
(
n∏
i=1
Vi
)1/n
. (16)
Inequality (15) follows again from the facts that means
are monotonically increasing functions of their order, and
s > 0. If the n cells, initially at volumes V1, V2, . . . , Vn
4were brought into mechanical contact and left alone for
an indefinite period of time, the final volume would be
given by the geometrical mean (16). Taking a cue from
probability theory, the volume would be proportional to
the probability measure of a given set. The condition for
statistical independence, sometimes referred to as a ‘mix-
ing property’, would be the factorization of the measure
into products of individual measures, whose mean value
would be given by (16). This would be the smallest vol-
ume conceivable.
MAXIMUM WORK OUTPUT AND HEAT
UPTAKE
In this section we establish that the final mean tem-
perature and volume, determined from adiabatic equi-
libration, yields maximum work output and maximum
heat uptake with respect to all other admissible sets of
temperatures and volumes.
Let us first consider the case of thermal interactions.
Consider, again, a set of n cells, or reservoirs, all at differ-
ent temperatures, Ti with maxTi = T1 and minTi = T2.
Following Cashwell and Everett [4], we divide the reser-
voirs into two groups: ‘ℓ’ for those with Ti ≤M, and ‘u’
for those reservoirs having temperatures Ti >M. Denote
by λ(T ) a continuous, monotonically decreasing function
of T . On the strength of the adiabaticity constraint, and
the monotonicity of λ(T ), the following string of inequal-
ities result
λ(M)
∑
ℓ
∫
M
Ti
Ni(t) dt
≤
∑
ℓ
∫
M
Ti
λ(t)Ni(t) dt =
∑
u
∫ Ti
M
λ(t)Ni(t) dt
≤ λ(M)
∑
u
∫ Ti
M
Ni(t) dt.
In other words, the adiabatic equilibration condition
(6) could have equally as well been written as Q1 =
M(T )Q2/T2. From the string of inequalities, we there-
fore conclude
n∑
i=1
∫ Ti
M
Ni(t) dt ≥ 0, (17)
with equality holding if T1 = T2.
Let Tˆi denote any admissible set of final temperatures
of the reservoirs. Since
n∑
i=1
∫ Tˆi
Ti
Ni(t) dt =
n∑
i=1
∫ M
Ti
Ni(t) dt+
n∑
i=1
∫ Tˆi
M
Ni(t) dt,
and the fact that (17) guarantees that the last term will
be positive, regardless of the nature of the set of temper-
atures, it follows that
n∑
i=1
∫ Ti
M
Ni(t) dt >
n∑
i=1
∫ Ti
Tˆi
Ni(t) dt. (18)
Consequently, the work output will be maximum; this
establishes the validity of the revised Curzon-Ahlborn
condition (6).
The principle of maximum heat uptake in an isother-
mal process can be established in a similar manner. Let
κ(V ) be a continuous, monotonically increasing func-
tion of the volume. Out of the set of positive numbers,
V1, V2, . . . , Vn, suppose maxVi = V2 and minVi = V1.
Again dividing the reservoirs into two group depending
upon whether the Vi are less or greater than the mean
value, M, we get the reverse string of inequalities
κ(M)
∑
ℓ
∫
M
Vi
Mi(v) dv
≥
∑
ℓ
∫
M
Vi
κ(v)Mi(v) dv =
∑
u
∫ Vi
M
κ(v)Mi(v) dv
≥ κ(M)
∑
u
∫ Vi
M
Mi(v) dv,
from which it follows
n∑
i=1
∫ M
Vi
Mi(v) dv ≥ 0, (19)
where the equality holds if V1 = V2. If we consider any
other set of final volumes, Vˆi, then
n∑
i=1
∫ Vˆi
Vi
Mi(v) dv
=
n∑
i=1
∫
M
Vi
Mi(v) dv −
n∑
i=1
∫
M
Vˆi
Mi(v) dv.
Since inequality (19) ensures that the last term is posi-
tive, whatever be the initial states, we conclude that
n∑
i=1
∫
M
Vi
Mi(v) dv ≥
n∑
i=1
∫ Vˆi
Vi
Mi(v) dv.
This establishes the maximum property of the heat up-
take in an isothermal process when the final state has the
volume given by (14).
COMPARISON OF ‘ENDOREVERSIBLE’
ENGINES
Comparison may now be made between the isochoric
engine of Curzon-Ahlborn and the isothermal engine of
the last section. The efficiency of the engine is
η = 1− M
s
0(V )
Mss(V )
. (20)
5The maximum work output is the product of (20) and
(15), viz.,
W = ηQ1 =
n
s
RT1
(
1− M
s
0(V )
Mss(V )
)
ln
(
M
s
s(V )
Ms0(V )
)
. (21)
In order to make a comparison of the two engines, we
set n = 2, and use the adiabatic constraints V s1 T1 =
const., and V s2 T2 = const. These convert the mean of
order s, (14), for the volume into the inverse of the har-
monic mean for the temperature
M
s
s(V ) =
1
2
(V s1 + V
s
2 )
= 1
2
(
1
T1
+
1
T2
)
=
M1(T )
M20(T )
, (22)
and the geometric mean of the volume, (16), into the
inverse of geometric mean of the temperature,
M
s
0(V ) =
√
V s1 V
s
2 =
1√
T1T2
= 1/M0(T ). (23)
Since we will be concerned only with their ratio, we have
dispensed with the arbitrary constants in (22) and (23).
Expressed in terms of the temperature, the efficiency
(20) is
η = 1− M0(T )
M1(T )
The maximum heat uptake,
Q1 =
2
s
RM∞(T ) ln
(
M1(T )
M0(T )
)
,
which for small differences between arithmetic and geo-
metric means can be approximated by
Q1 ≃
2
s
RM∞(T )
(M1(T )−M0(T ))
M0(T )
,
where M∞(T ) = T1. Therefore, the approximate expres-
sion for the maximum work is
W ≃ 2
s
RM∞(T )
(M1(T )−M0(T ))2
M0(T )M1(T )
.
For comparison purposes we express the efficiency (3),
heat uptake, (5), and work output, (4), of the Curzon-
Ahlborn engine in terms of mean values,
η = 1− M0(T )
M∞(T )
, (24)
Q = gM∞(T )
M1(T )−M0(T )
T1 −M0(T )
,
and
W = g (M1(T )−M0(T )) ,
respectively. For the West Thurrock Coal Fired Steam
Plant, which has an efficiency of 36%, the Carnot effi-
ciency is 64%, while the Curzon-Ahlborn and isother-
mal efficiencies are 40% and 12%, respectively. In other
words, in this particular example, the efficiency of the
isothermal engine is only 30% as efficient as the isochoric
one.
Moreover, if we set the Curzon-Ahlorn conductance
g equal to the total specific heat, g = R/s, then the
heat uptakes of the two engines are roughly the same, for
the same power plant under discussion, while the work
output of the isothermal engine is only 40% that of the
Curzon-Ahlborn engine.
CONCLUSIONS
Rubin’s definition of the Curzon-Ahlborn engine is
wanting. The irreversibilities which supposedly arise
from the ‘coupling of the engine to the external world’ are
fictitious. Maximum work output and heat uptake arise
when the reservoirs, initially at different temperatures or
volumes, are allowed to interact, thermally or mechani-
cally, and whose final mean values are determined by adi-
abatic equilibration. These mean values are necessarily
greater than the coldest reservoir or smallest volume so
that the efficiencies are less than the Carnot efficiency.
The Carnot efficiency singles out these extreme reser-
voirs, and nothing can be colder, or smaller, than these
extremes. The illusory increase in entropy is due to the
fact that the heat rejected to the cold reservoir is divided
by the temperature of that reservoir, which is definitely
lower than the mean value obtained from adiabatic equi-
libration.
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